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Summary.

The stability of the flexural vibrations of a superconducting ring in its own magnetic field is investigated. This
problem is formulated as a perturbation problem: the final magnetic fields due to the deflected ring are
considered as perturbations of the rigid-body fields. Both the rigid-body problem and the linearized perturbed
problem are solved analytically. These solutions are expressed in Legendre functions. A so-called ring equation
for the in-plane flexural vibrations of the slender ring is constructed. From this equation a frequency-current
dispersion relation is derived. It turns out that the ring is stable against in-plane vibrations and that the
eigenfrequency increases with increasing current.

1. Introduction

In certain modern technical equipments such as fusion reactors and MHD-devices large
magnetic fields occur. These fields are generated by very high currents flowing in
superconducting circuits. In the design of these devices the analysis of the vibrations and
the stability of these superconducting circuits plays an important role.

The first research on this field is due to Leontovich and Shafranov, and to Dolbin and
Morozov, [1]-[2], but the great impetus was given by Moon in cooperation with Chatto-
padhyay, [3]-[6]. An excellent survey of this field can be found in the book of F. Moon,
[4], which contains a vast number of elaborated examples on the field of magnetoelastic
stability. The above mentioned authors treated (among other problems) the problem of
the stability of a flexible, conducting rod in its own magnetic field, and they showed —
both theoretically and experimentally — that the straight configuration of the rod
becomes unstable whenever the current exceeds a certain critical value. Moon [4] also
investigated the stability of a circular coil in a transverse or toroidal external magnetic
field ([4], Section 6.7.).

One particular problem not discussed in [4] concerns the stability of the flexural
vibrations of a superconducting ring in its own magnetic field. This problem was solved
by means of a variational method by Chattopadhyay in [6]. This approach resulted in a
purely numerical analysis which obscured somewhat the underlying mechanics. Therefore,
we have looked for an analytical treatment of the problem, in order to make it possible to
indicate explicitly which. are the effects that influence the stability of the ring.
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In the present paper we investigate the stability of in-plane vibrations of a circular ring
carrying an electric current which is confined on the surface of the ring (superconductiv-
ity). The investigation is based on a perturbation method; the final fields pertinent to the
deflected ring are decomposed into the fields for the undeformed ring (rigid-body fields)
and the perturbations on these fields, which are due to the deflections of the ring. Firstly,
the rigid-body problem is solved. As a specific result the initial stresses due to the
magnetic forces (Lorentz forces) in the undeformed coil are obtained (it turns out that
these stresses play a dominant role in the ultimate stability criterion). Next, the linearized
perturbed problem is solved, yielding expressions for the load of magnetic origin on the
deformed ring. The total load on the deformed ring is now known, and from this an
equation for the vibrational motion of the (slender) ring is derived. The solution of this
equation leads to an expression for the eigenfrequencies of the conducting ring. This
expression consists of two terms; one due to the initial stresses and the other due to the
perturbations. The first term increases the frequency with increasing current (and, hence,
has a stabilizing effect) whereas the second one causes the frequency to decrease. It turns
out that the first term dominates the second one implying that the undeformed state of
the ring is stable against vibrations in its own plane. This result is in correspondence with
that of [6].

2. Basic equations

Consider a material body B placed in a vacuum. The body occupies in its deformed
configuration a domain G in R®. The boundary of G is denoted by 9G and n is the unit
outward normal vector on 9G. The Eulerian and Lagrangian coordinates of a material
point P of B are x and X, respectively.

To the body, which is assumed to be superconductive, an electric current I is applied.
For a superconductive body the current J is concentrated on the surface of the body (J is
then the surface current density per unit of area). Moreover, the magnetic field inside the
body is now zero. The magnetic field B in the vacuum outside the body has to satisfy

eixBy;=0, B;=0, B->0 as|x|—oo. (2.1)

in the usual tensor notation, where ,i=09/0x,.
The external field B is related to the surface current J by the boundary conditions on 9G,
i.e. (fq is the permeability in vacuum),

eijkBj+nk = —nodi, B'n;=Jn;=0, forxeagq, (2.2)

where * indicates that the value of B must be taken at the boundary dG.
The Cauchy stresses T;; have to satisfy the equations of motion (since there is no
magnetic field inside the body, the body force is zero),

T, ;= pU, (2.3)

where U=U(x, t) is the displacement vector and p the density. The stresses T;; are
related to the deformations by the common constitutive laws of elasticity (we tacitly
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assume here hyperelasticity, but we do not need the pertinent constitutive laws explicitly).
The Lorentz force due to the current J produces a surface tension at dG according to

u

= |H'B} - —298in,fH,:']nj=%e,ijjB,f, for x € 0G. (2.4)
Note. The above equations and boundary conditions are referred to the deformed
configuration. In particular, the boundary conditions (2.2) and (2.4) hold on the deformed
surface 9G. Therefore the above system is highly nonlinear. In the next section a
linearization procedure for this system will be presented.

3. Linearization procedure

The linearization procedure we shall present in this section is based, firstly, on the
assumption that the general system of the preceding section has an equilibrium state and,
secondly, on the condition that the final or x-state is a perturbation of this equilibrium
state. We call the equilibrium solution the intermediate state and we denote its Euler
coordinates by £. The field quantities in this state are indicated by an upper index °. Our
main purpose is to investigate the stability of this intermediate state. To this end, the
non-linear equations of Section 2 must be linearized with respect to the £-state.

For stability considerations, however, the deformations in the £-state are not relevant.
It is common practice to neglect the deformations and, thus, to identify the intermediate
state with the rigid-body state. The electromagnetic fields in the rigid-body state are
governed by the following set of equations and boundary conditions ((2.1)-(2.4), but now
referred to the undeformed X-state):
in vacuum

e,xB.;=0, B),=0, B°>0, as|X|- oo, (3.1)
at the surface of B
e BY " Ny=—poJ°, BYYN,=0, JON,=0, (3.2)

where N is the unit outward normal vector at the undeformed surface and ,/ must be
read as 9/9dX; here.

The stresses in the intermediate state, the so called pre-stresses, 7}? can, eventually, be
determined from the equilibrium equations, the constitutive equations and the boundary
conditions. However, in the sequel only the latter are needed. They read

0 0_ 0po
;N,=T, _%eijk‘,j B.". (33)
As said before, the x-state must be considered as a perturbation of the £-state. This
perturbation is characterized by the displacement vector

u=u({, r)=x-§, (34)
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whose gradients are assumed to be small, i.e.
lgradu| =¢, O<e<1. (3.5)

Note. As far as the electromagnetic part is concerned, we only consider quasi-static
processes. Therefore, the time dependence of the perturbations is suppressed throughout
this section.

Denoting the perturbations by lower case letters, we decompose the vacuum field into

=B%(x) + b(x), (3.6)
whereas the fields inside the body are decomposed according to

I=1°(8) +j(£) (3.7)

and
= T2(£) +1,,(£). (3.8)

This separation of the fields allows a decomposition of the general set of nonlinear
equations into a set for the rigid-body state (already given in (3.1)—(3.3)) and one for the
perturbations. The latter will be linearized with respect to these perturbations. This results
in the following set (since this linearization procedure is standard, cf. [7] or [8], we
immediately give the results):

in vacuum

eijkbk,j=0, b;;=0, b—>0 as|§| — oo, (3.9)

in the body *

t.. A—T.j,kuk.j=pi]¢“ (310)

1y, i

at the surface of B

eijkbj+Nk + eijkijlulNk - eijkaul,kN/ = —RoJ;i T toJ; u, kN N, (3-11)
bN,= B u; ,N,— B u;N,,
JN= T N,
and
t,;N;= =T NN + T juy N+ 15,
where
t,= e j;Bi +he g (bi + Biu,). (3.12)

* Since from here on no confusion is possible, we omit the upper index o
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For hyperelastic materials the incremental stress relations are given by (cf. [9], Eq.
(21.10)

tiy= =T o+ Tyt o + Tty o+ 7, (3.13)

where 7,; is the incremental elastic stress which is directly related to the infinitesimal

deformations by Hooke’s law.
With (3.13), (3.10) and (3.11)* become

Tij.j+fi=pui’ fiz(y}kui.k),j (3.14)
and
TN =1 =T o — T, 4 — Tu; (NN, +¢;, (3.15)

at the surface of B.
For later reference it is convenient to elaborate the above equations somewhat further.
To this end, we use the relation
Bi+ = Bj+NjNi + eijkeklmBl+Nm]Vj = p’Oeiijijﬂ (3-16)
according to (3.2). With (3.16) and (3.2)* the relation (3.3) reduces to
T,= —31(J, J)N,, (3.17)

hence, T represents a purely normal stress. Furthermore, substitution of (3.16) into (3.11)!
and (3.11)? yields

e (b + B )Ny = —poji+ poJitt; kNN, (3.18)
and
(b + Bitju; )N = oeiju Jju NNy =+ B. (3.19)

(the scalar 8 defined above turns out to be zero in the case of a ring; see Section 5).
Analogous to the derivation of (3.16), we can deduce from (3.18) and (3.19)

bi+ + B:j“j = BN, + Ko€; ijk- (3'20)

With (3.16) and (3.19) the right-hand side of (3.12) can be expressed in J and j. After
some manipulations, in which also (3.2)* and (3.11)* are used, we arrive at

= —po i ;N + 2o Jjus ;Ni + 1Be,ju JN,.. (3.21)
A useful result, which follows immediately from (3.21), reads

(N = o) (3.22)
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4. Configuration of the ring

Consider a slender ring, radius R, of circular cross-section, radius r, (see Fig. 1). A ring is
called slender if § < 1, where

5= 1. (4.1)

The configuration of the ring is most easily described in toroidal coordinates. Starting
from the cylindrical coordinates (r, ¢, z) as shown in Fig. 1, we introduce toroidal
coordinates (p, 1, ¢) by (cf. [10], Section 10.3)

r=hsinhp, ¢=¢, z=hsinng, (p=>0,0<9<27, 0<¢<2m), (4.2)
where
h=h(p, )= 2 a=|R —r2 =R/1-6". (4.3)

cosh p—cos n’

=

Figure 1. Ring-shaped conductor.
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The surface of the ring, on which

N=—e (4.4)

{1

is given by

L=, ==log(Rr+a)=log[8_1(1+v1—62)]. (4.5)

1

Then

cosh p1=r§=8_1, sinh p, = = =§"1y/1—82. (4.6)

1 r

Inside the ring one has g, < p < o0, whereas the vacuum is given by 0 < p < p, and p, as
well as 7, tend to zero at infinity.

Let u=u(r, ¢, z) be the displacement of the ring (in fact u=wu(r, ¢, z, t), but the
time dependence is suppressed for the time being). Since we consider in-plane vibrations
only, the displacement of the central line of the ring can be represented by

u(R, ¢,0)=w(d)e, +v(d)e,. (4.7)

The ring is assumed inextensible. Then, the displacements are restricted by the condition

v +w=0, ( =%) (4.8)

For a slender ring (i.e. under the neglect of O(8?)-terms) the displacement in an arbitrary
point of the ring reads

—R
u,=w, u¢=v—£r—R—)(w’—v), u,=0. (4.9)

r

On account of (4.8), (4.9) implies

’

w —v r—-R,, .y
ur|¢=_u¢|r=T7 u¢|¢= R (U'_W )’ (4~10)

whereas all the remaining components of ;| ,; (in cylindrical coordinates) are zero. The
corresponding components of u in toroidal coordinates are (use Eq. (A.1) of Appendix A)

u, = h(1— cosh p cos n)%, u,= —h sinh p sin n%, (4.11)

Uy=10— (%sinh p— 1)(w’ —v).
For later reference, we note that (see (A.3))

w' —v
P

h
Ul ,=u,|,=0, u“|¢=—u¢lﬁ=§(1—coshycosn) (4.12)

wln
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5. Rigid-body fields

For the solution of the system (3.1)-(3.2) in case of a ring or torus we refer to [11],
Section 6. It was shown there that the rigid-body magnetic field B can be expressed in a
vector potential

A=A(p, 1)e,,
by
B=rot A. (5.1)

This immediately yields B, = 0.
In [11], the following solution for A(u, m) is obtained (cf. [11], Eq. (6.10)):

A(p, m) =y/cosh p—cos n 3" C,P,_ ,o(cosh p) cos nn, (5.2)
n=0

where

_ DQ},A(l/z)(COSh )
(4n* - 1)P,}v(1/2)(005h 1) ,

n

and the ’ in the summation sign indicates that the term with n = 0 has to be multiplied by
1,/2. Furthermore, P,_ ,,, and Q, , », are Legendre functions. The constant D follows
from the condition for the total current and will be given below.

In accordance with (3.2), the corresponding current density is

J=J(n)e,, (5.3)

where (cf. [11], Eq. (6.11))

32 o
1 D (cosh p; —cos ) cos n7
J =—_—Bt=— . - ! s 5.4
(7’) p’O ! 4(1}1.0 Slnh P~] ,,Z=0 pn ( )
with
Pn=Pn1—(1/2)(COSh B1)- (5.5)

The coefficient D can now be determined from the condition for the total current

I°=j;le|ds=fozﬂh(Ju(l—7,’)n)d"’ (5.6)

which yields (cf. [11], Eq. (6.13))

D=

_ Boly zo:o, Q}v—(l/Z)(COSh )

. (5.7)
V2 a0 (4n?— 1)Pnl—(1/2)(005h 1)
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For a slender ring § < 1, and, hence, cosh u; = 87! tends to infinity. With the use of the
asymptotic expansions for the Legendre functions of large argument as given in Appendix
B, one obtaines from (5.7)

D= @uolol(l +0(8? log 8)), (5.8)
m
where
8
1=1og(3) -2. (5.9)

Furthermore, J(7) can be written as

D 8 *(1-8cosn)? 1 X 2P,
J(’q)-— —4a[.l.0 . (1_62)1/2 . 2pq {1+"§1 n oo n'ﬂ}
= ia—l(l—a cos 1) *s(n) (5.10)
27R ’

where we have introduced

Lo D 8 I
27R 40”0(1 _ 82)1/2 2])0 27R

(1+0(8? log 8)), (5.11)

and

o0
2
s(n)=1+ ) Po s nn
n=1

=1~ 8/ cos m — 48% cos 21+ O(8° log 8). (5.12)

The results obtained in this section thus far allow us the derivation of some relations for
the stresses which are very useful in the sequel (see Section 7). Firstly, (3.17) reduces to

T = 3p0J(n)e,. (5.13)

The equilibrium equation in r-direction in the intermediate state and under rotational
symmetry reads

0(r7,,) . 9T,

dr dz

- T,,=0. (5.14)

Integrating this equation over the cross-section S (with boundary 9S) and applying
Gauss’ theorem, we obtain the relation

fSTM do=faSrT, ds, (5.15)

which will be used later on (i.e in Section 7).
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For later use, we also wish to calculate

fasTrdsz%'uoafo

as follows from (5.13). With J(n) according to (5.10)-(5.12) and for small &, (5.16)
becomes

22 1 —cosh p; cos 7

2JZ('r]) dn, (5.16)
(cosh p; —cos 1)

Tds=“0102 [10 (§)—l](1+0(810 8)) (5.17)
s 47R | ®B\5) 2 8 2)): ’

We, now, also evaluate (3.21). Firstly, we note that (3.19), (4.12) and (5.3) imply 8= 0.
Then (3.21) reduces to

ta=10J (M) Jyr 1,=0, t,=—inoJ (n)u,l,. (5.18)
Finally, we note that (3.15) with (5.13), (5.18)° and (4.13) yields

7,=0. (5.19)

6. Perturbed fields

The perturbed vacuum field b is completely determined by (3.9) together with the
boundary condition (3.11)% Elaboration of (3.11)? for the case of the ring with use of the
results of the preceding sections (i.e. u, |, = B, = B,” =0) leads to

b: = —B: | L1, — B: o (6.1)
The right-hand side of (6.1) will now be expressed in J(7). Since divB=0 and
B, =B =0, one has (consult Appendix A, Eq. (A.3), for the relevant formula for the
covariant derivatives)

1 1 .
B#+|#= _mBJW+EB; Sinn=

Ko

, Ko ;
Wy WG s (62

where, in the last step, (5.4) is used. On the other hand,
PR R I .
B'|,= ;B,, sinh p, = — 7](1}) sinh p,. (6.3)
Substituting (6.2), (6.3) and (4.11) into (6.1), we obtain

b+

. #OW(¢)
LI a

{(cosh py cos p—1)J'(n)

J(m) sin
— 2 _oy el
(cosh?u, + cosh p; cos 1 —2) cosh o —cos 1| (6.4)
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With the use of J(n) according to (5.10), the right-hand side of (6.4) can be expanded in
powers of &, yielding

+_p0f0w(¢) —209 _ 1/2{_ 5782 4 182] o
bl =35m0 “(1—8cosm) [—1-358%+16?] siny

+ %(1 + 41) sin 27 + O( 8 log 6)}. (6.5)
Since b is a rotational free-vector field (see (3.9)"), it may be written as the gradient of a
potential ¢ = {(pu, 1, ¢), according to
b=grad . (6.6)
Then (3.9)% implies
Ay =0, (6.7)

where A is the three-dimensional Laplace operator.
Led by the specific form of the boundary condition (6.5), we introduce the following
separation of variables for ¢,

¢ (g, 1, ¢) =w(e)(cosh p— cos )" f G,(r) sin n7. (6.8)

n=1
In order that this separation is consistent with (6.7), w(¢) has to satisfy
w’(¢) +m*w(¢)=0, meN. (6.9)

Since we are only interested in the lowest buckling value, we may take for w(¢) the first
bending mode of the ring, i.e.

w(o)=Wcos2¢, (or m=2). (6.10)

With (6.8) and (6.10), (6.7) reduces to an ordinary differential equation for G,(p),

1 d dG 4G
. — [ sinh 2| - —— - (n" - %)G,=0, 6.11
sinh p dp.( # du ) sinh’ ( 4) (611)
holding for O < p < p4. In this region the general solution of (6.11) constitutes of the
so-called ring functions P,,z_(1 sy(cosh p) (cf. [12], Sec. 3.9.2).

Hence, the general solution of (6.7) can be written as

_ _ Dw(9) 12 e, PO(R)
Y= T(cosh p—Cos ) n§1dnp,,(2)(#1) sin ny. (6.12)

where

p2(p) = Pn2—(1/2)(COSh ®). (6.13)



262
Elaboration of (6.6) at u= p; with the aid of (6.12) and (A.2), yields

b+=coshu1—cosna_¢
uw o — B
a ""Ml

12 sinh p,

_ _Dw(e)
= e (cosh p; — cos 7) 5

e o)
X Y {1+ 28(cosh py —cos )11, } d,, sin nn,
n=1

where 11, is introduced by means of the relation

(2)
[i( P (1) )] = 8T1, sinh p,,
dp
L=

22 (11)

SO

17 d
I, = E[E {103|Pn2—(1/2)(z) |}]

2=5"t

As can be deduced from the asymptotic expansions listed in Appendix B,
I, =3+ 8% —28%+ 0(8* log 8),
I1, =3+ O(8* log 8),
I,=3+0(8 log §),

for small 8. For convenience, we replace the coefficients d, in (6.12) by
d,=2p,(1-8)"6""Vg .

Then (6.12) and (6.14) become

io 172 o (n—(3/2) 3 pr(IZ)("") :
Y =pgw(¢)5 = (cosh p—cos n) " 3. 8"/, ~E2—sin nn,
27R no1 P2 ()
and
L _now(e) B _ 172
b =——"73.% sinh p,(cosh p, — cos )

oo
- ¥ {4 +11,— 811, cos 0} 8"~ CDd sin nn,
n=1

where we have used (5.11) for D.

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)
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As further analysis will show, the coefficients d, are O(1) for 8 — 0. Then, it is possible
to expand the right-hand side of (6.20) in powers of &, which with the use of (6.17) leads
to

.“ofow - 1,2 2 2\ j
b =g 8 (1 -8 cosm) “{[(1+ 6% - 16%)d,

—38%d,] sin n +8[ - 1d, +2d,] sin 2
+6%[ —3d, + 3d,] sin 37 + O(8° log 8)}.
(6.21)
Equating (6.5) and(6.21), we obtain
dy=—1+%6%-28+0(8 log 8), (6.22)
d,= 31+ 0(8% log 8),
d,= 1+ 0(8% log 8).
We conclude this section by giving the solution for the disturbed current density j.

Starting from the boundary conditions (3.11)! and (3.11)%, and using (4.12), (5,3) and
B =B, =0, we arrive at

. 1 1
=J(Mu,ly, Jo="—"by +—By |u, (6.23)
Ko Ko
. 1 1
j¢= _[.l—ob;—[.l—OB:liui'

In the sequel only an explicit expression for j, is needed. Evaluation of (6.23) yields
(realize that B,|,=B,|,)

. 1.5 1 4 1 4
Jo = ——.‘Tob" _ITOB“ |nu“—‘u—an nlty

1 cosh g, —cos n @ 1 sinh
cosh fy —cosm ’4’(‘“' 1 .“-lB u

Ko a .“0 a ToE

hu —
_icos iy — cos nB+u (6.24)

Ko a 7.non?

which after an expansion in powers of 8 results in

o w(9)

Jo=— 27rR R —=%~(31—-3) cos 7(1 + O(8 log 8)). (6.25)
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7. Equation of motion

A global equation of motion for the in-plane vibrations of a ring can be obtained by an
integration of the local equations of motion (3.14) over the cross-section of the ring under
the use of the boundary conditions (3.15). This derivation is straightforward and,
therefore, will not be repeated here. The resulting equations can already be found in Love
[13], but we prefer here to refer to {4], Eqs. (6-7.3) and (6-7.4). For in-plane vibrations,
we set u, =0, and then also N,=G,=H=0. After elimination of N, and T from
(6-7.4)* by means of (6-7.3)' and (6-7.3)°, and with the aid of the well-known
constitutive equation for the bending moment in a slender inextensible ring (cf. [4],
(6-7.6)),

Er,
G,= —}-E(W +w), (7.1)

one obtains (here we use —w and v instead of u, and u, as in [4], respectively)
RZ
w'+ 2w +w’=E{F—pAR2(W’+b')}. (7.2)

Here, E is Young’s modulus and

m
I=zl‘14, A=7TI‘12,

are the moment of inertia and the area of the cross-section, respectively. Moreover, T’ is a
load parameter, which arises from the body force f (in (3.14)) and the surface tension 7
(in (3.15)) according to

[ =T(¢)=RK/(9) + RK,(¢) + L"(¢) + L(¢), (7.3)
where

K, (¢) =/Srf, do+/;srfr,ds, (7.4)

K¢(¢)=/;rf¢ do+/;srfr¢ ds, (1.5)
and

L(¢)=j;(r—R)rf¢ do+j;s(r—R)r'r¢ ds. (7.6)

Hence, K, and K, are forces in 7- and ¢-direction, respectively, and L is a couple about
the z-axis.
According to (3.14)* we can write

/;=SU;J’ with Slj= I}kui’k, (7.7)
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or, in components, with the aid of (4.10) and of T, =T, =0,
Sr¢ =u,| ¢T¢¢’ S¢r = U, [T, S¢¢ =U, | ¢T¢¢’ S¢z =u, Y (7'8)

S,

rr

=S

rz

=5

zr

=S,,=8,=0.

This implies

1
.

1 1
f,=7S,(M,— Soe> f¢=7S¢¢,¢’ (7.9)

in which, for the second relation, (5.14) is used. Hence, with p, |, according to (4.11),

w’” —p”’

"fr,¢ + rf¢ = Sr¢,¢¢ = _—R_— T¢¢- (7.10)

Furthermore, (3.15) with u,|, =0 and 7, =0 and with (4.10) gives

r_R ’ 144
= R (U w )Tr+tr’ (711)

while 7, = 0 according to (5.19).
Use of the preceding results in (7.4) and (7.5) yields

RK/($) + RK,(¢) = (w" — v”)j;Tw do—(w” — v")fas(r— R)T, ds

d
+R— | rt, ds
Js

d¢
=(w"” — v”)Rf T,ds+Rif rt, ds, (7.12)
as deé Jas
on account of (5.15).
Finally we note that
_ 7 ’” (r_R)Z
L($) _fs(r-R)r,;, do=—(w” —v LTTMdo, (7.13)

which is small of O(8”) compared with the first term on the right-hand side of (7.12). For
a slender ring this contribution may be neglected, so

L(¢)=0. (7.14)

Substituting (7.12) and (7.14) into (7.3) we arrive at

d
r(¢) = (w/// _U/I)Rj;sj; ds+RT¢j;srtr ds’ (715)
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which with (4.8) and (6.10) ultimately becomes

I(¢)= —3w’(¢)R/€;STr ds+Rdi;j;Srt, ds. (7.16)

This result shows us that the force on the ring arises from two sources. The first is due to
the pre-stresses (i.e. pertinent to the rigid-body fields). This contribution results in a
circumferential tension in the ring, and, hence, has a stabilizing effect. The second
contribution to T is due to the perturbed fields. As the further analysis will show, this
term has a destabilizing effect on the vibrations of the ring.

The first term on the right-hand side of (7.16) is already calculated in Section 5 (see
(5.17)). For an evaluation of the second term, we start from (5.18)!%, which imply

— cosh py cos 1 .

. 1 —cosh p, cos
= i el Jon (1.17)

t, =

1
ty. = P'OJ(TI)

cosh p; —cos 7 cosh p; —cos 7

and which with (5.10) and (6.25) can be worked out for small § into

871(31—3) cos*n(1 + O(8 log 8)). (7.18)
Hence, with (5.9),

_ 3uolg [ 8 17]
[, ds= g w(s) 1og(8) 2 |(1+0(5 10 8)). (7.19)
Substitution of (5.17) and (7.19) into (7.16) finally results in
7
[(9) = = 3-poldw/($)(1+0(3 log 8)), (7.20)
or, with w(¢) according to (6.10),

[(8) = ko IW sin 20(1 + O(8 log )). (7.21)

8. Frequency-current dispersion relation

For the vibrating ring, we have to consider w=w(¢, t), instead of w=w(¢), and,
therefore, we have to replace (6.10) by

w(, 1) = W(t) cos 2¢ = We'' cos 24, (8.1)
where w is the frequency of the vibration. Then, according to (4.8),

v(o, t)=— I We'™" sin 2¢. (8.2)
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Substitution of (8.1), (8.2) and (7.21) into the equation of motion (7.2) yields the
dispersion equation

A TR? 5 pAR*
iwt _ _ 2 el 2\ =
We'“' sin 2¢{ 18 27rEI”°I°+ > EC } 0. (8.3)
With the definition of
1,2
36EI
w0=( 4) , (8.4)
SpAR

the eigenfrequency of the free ring, the following relation for the frequency w is obtained
from (8.3)

R?
w2=w§(1 + W”’OIOZ)' (85)

For a conservative problem (as is the one considered here) instability occurs when w
becomes zero. Since the right-hand side of (8.5) remains positive for all values of I,,, we,
thus, conclude that the equilibrium state of the ring is always stable against vibrations in
its plane. Furthermore, it is seen from (8.5) that the current has the tendency to increase
the eigenfrequency of the ring.

9. Conclusions

In the preceding analysis it is shown that the natural state of a superconducting
ring-shaped coil is stable against in-plane vibrations, and it turned out that the eigen-
frequency of the current-carrying ring increases with increasing current. The current term
in the dispersion relation (8.5) is made up of two contributions: one originating from the
initial magnetic field of the undeformed ring and the other from the perturbed self field
due to the deflections of the ring. In order to investigate in detail the influences of these
two contributions, we reconsider the results (7.16), (5.17) and (7.19), the first of which can
be written as

I'(¢) =T(¢) + (o). 9.1)

Here, I'(¢) is the contribution due to the initial magnetic field and is equal to (see (7.16)
and (5.17), with w’(¢) = —2w(9)),

3‘;‘;102 [log(%) - %]ww), (9.2)

I(¢)=

whereas I',(¢) is due to the perturbed field and equals (see (7.19))

1(9) = 2205 [ 1og( ) + (o). ©03)
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The undeformed configuration of the ring is stable if I'(¢) is positive for w > 0. We
therefore may state that I') (i.e. the initial magnetic field) has a stabilizing effect, while T,
(i.e. the perturbed field) has a destabilizing effect. However, this only holds as far as these
terms are considered separately. When taken together, the main terms in T} and T, (i.e.
the terms of O(log &)) cancel each other. This implies that the (in)stability of the ring is in
fact determined by the second terms in the expressions for I'; and T, (which are of O(1)
for small &) and out of these two terms the contribution of T, is positive and exceeds the
one of I, thus leading to the stability of the ring. Hence, we conclude that the crucial
terms as far as the stability concerns are not the first, main-order, terms in I; and T, but
it just are the second terms in these expressions. To get an exact numerical value for these
terms, the precise calculations as presented in this paper are needed.

In order to illustrate more explicitly the influence of the current I, on the eigen-
frequency w, let us use the following numerical values (these values are according to [6])

E=8x10Y N/mz, I=22%X10"% m*,
R=3.03m, po=47x10"7 H/m.

For these values the dispersion relation (8.5) becomes
w* = wf(1+4.06 X 1071417). (9.4)

This result agrees, at least in order of magnitude, reasonably well with that of Chatto-
padhyay, [6], Eq. (42). In this aspect it must be mentioned that in [6] it was assumed that
the current is uniformly distributed over the cross-section.

In this paper, only the in-plane vibrations are considered. The out-of-plane vibrations
can be treated in an analogous way. However, and this is confirmed by the results of [6],
there seems to be no reason to expect that this solution will yield essentially different
results. Also, the correspondence between our results and those of [6], suggests that the
specific distribution of the current over the cross-section (e.g. a uniform current instead of
a surface current) is not of essential influence. A different current-distribution will change
the numerical value of the coefficient of I in the dispersion relation, but it is not to be
expected that it can disturb the stability of the ring. However, a complete justification of
this expectation can only be provided by the explicit solutions of the underlying
problems.

Appendix A

Between the unit vectors of a set of cylindrical and one of toroidal coordinates (see eq.
(4.7)) the following relations exist

h . .
e, = —}:;(1 — cosh p cos n)e“— Zsmh u s ne,,

e,=e,, (A1)

€,

h . . h
= — Zsmh B sin e, — ;(1 ~ cosh p cos n)e,.
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From these relations, the following expressions for the covariant derivatives of an
arbitrary scalar field Y =y(pn, 0, ¢) or vector field v=v(p, 1, $) can be derived (|,
denotes covariant differentiation)

1 1 1
lP‘P-—;lP.P-’ lpln_zlp,rp lpl‘p_h—;i—l'—lh_p.lp“p’ (A.2)
and
1 h . 1 h . 1
v#|#=; U#’#—;Un sin i |, UHI#=Z Oput ;vﬁ sin i |, U¢|#=ZU¢‘P‘,
1 h . 1 R 1
v#|n=z(v#'n+;unsmhp), v,,|,,=;(v,,,,,—;v#smhp), v¢|n=-h—v¢,,,,
1 h
U“|¢=hsinhp Uy,¢—;(1—cosncoshu)v¢),
1 h . .
Ule=7 sinh & Upe 0 sinh p sin n),
1 h h . .
Uplo= A Sinhp(v¢’4’+ ;(1—coshpcos n)v#—;v,, sinh g sin 7. (A.3)
Appendix B

For Legendre functions of large argument the following asymptotic expansions hold:

1 _ 1 z7?
Pl N Y sz, L2 -4
valz) = = = (g 8 ){1 b e g O )},
2
Pl (z)= ——‘/7:21/2(1 +0(z7%log z)), Pin(z)= ?zj/z(l +0(z7%)),

1/2
Pl,(z)=— ;ﬁ (1+$272~ %272 log 8z + O(z7 /%)),

Pia()= 22 (1 000, Poa() = 292520 1 o),
an—l/z(z)=0(zn_l/2), (neN),
Q1—1/2(2)=_Lz_lﬁ(l"'o(z—z))’ Q;"—l/z(z)zo(z—"_l/z)- (B-l)

M2



270
References

[1] M.A. Leontovich and V.D. Shafranov, The stability of a flexible conductor in a magnetic field, In: Plasma
Physics and the Problem of Controlled Thermonuclear Reactions I, Pergamon Press, New York (1961).
[2] N.I. Dolbin and A.I. Morozov, Elastic bending vibrations of a rod carrying electric current, J. Appl. Mech.
Tech. Phys. 3 (1966) 59-62.
[3] F. Moon, Problems in magneto-solid mechanics, In: Mechanics Today (Ed. S. Nemat-Nasser), Vol. 4.
Pergamon Press, Oxford (1977).
[4] F.C. Moon, Magneto-Solid Mechanics, John Wiley & Sons, Inc., New York (1984).
[5] S. Chattopadhyay and F.C. Moon, Magnetoelastic buckling and vibration of a rod carrying electric current,
J. Appl. Mech. 42 (1975) 809-914.
[6] S. Chattopadhyay, Magnetoelastic instability of structures carrying electric current, Int. J. Solid. Struct. 15
(1979) 467-477.
[71 K. Hutter and A.A.F. van de Ven, Field Matter Interactions in Thermoelastic Solids, Lecture Notes in
Physics No. 88, Springer-Verlag, Berlin (1978).
[8] A.A.F. van de Ven, Magnetoelastic buckling of magnetically saturated bodies, Acta Mechanica 47 (1983)
229-246.
[9] W. Jaunzemis, Continuum Mechanics, MacMillan Series in Applied Mechanics (Ed. F. Landis), The
MacMillan Company, New York (1967).
[10] P.M. Morse and H. Feshbach, Methods of Theoretical Physics, Part 11, McGraw-Hill, New York (1953).
[11] V. Belevitch and J. Boersma, Some electrical problems for a torus, Philips J. Res. 38 (1983) 79~137.
[12] A. Erdélyi, e.a., Higher Transcendental Functions, Volume I, McGraw-Hill, New York (1953).
[13] A.E.H. Love, A Treatise on the Mathematical Theory of Elasticity, Dover, new York, (1922).



